Compared to sinusoidal machines, a bi-harmonic machine (with only two harmonics of similar value in the electromotive force spectrum) can develop torque of comparable values under three kinds of supply: with only first or both first and third sinusoidal currents. Therefore, more degrees of freedom for the control of the machine can be achieved. In this paper, the specificities of a 7-phase bi-harmonic permanent magnet synchronous machine (PMSM) are investigated under different control strategies, such as maximum torque per ampere (MTPA) at low speed and fluxweakening strategies at high speed, both in healthy and faulty operation modes. The fault with one open-circuited phase are taken into account. The current references are calculated in order to maximize the output torque under the constraint on both voltage and current. The performances of the considered machine is validated by numerical results.
I. INTRODUCTION
Multiphase permanent magnet machines benefit from the advantages of both multiphase and permanent magnet machines. They are characterized by high torque density, high power density and fault tolerance, hence, they are becoming more popular in critical applications such as marine electric propulsion, aerospace and automotive applications [1] .
One of the main advantage of multiphase machines is their multi-degree freedom control. By injecting high harmonic currents, not only the flexibility of machine control is increased, but also the torque density of machine can be improved. By designing the shape of the PM and the third harmonic injection of the current, the machine can achieve 30% more of the torque [2] . An optimization problem that aims to maximize the torque for given maximum peak voltage and root mean square (RMS) current is formulated [3] . In terms of control, multiphase machines can be split into several fictitious two-phase machines and zero-sequence machines, each of them is related to a series of harmonics [4] . The generation of current vectors, required to provide the same rotating MMF both in healthy and in degraded mode, is no longer unique. Therefore, multiphase machine can continually work with high quality of torque in faulty mode operation without the use of a supplementary neutral line as for the three-phase machines [5] .
Torque optimization of a 7-phase machine under voltage and current constraint is investigated in [6] . Four different methods are compared with one and two-phase opencircuited, in which the current references under natural coordinate can develop more torque, but with more pulsations. Control strategies of a bi-harmonic 7-phase PM machine are investigated in [7] , which show the advantages of this kind of machine in terms of DC-bus utilization.
An optimal fault-tolerant control technique of 5-phase PM machines is developed by applying a concept that correlates the currents in the healthy phases based on their symmetry in space in the open-circuit fault of the machines as proposed in [8] , using both the fundamental and third harmonic currents. A reference current calculation for flux-weakening control based on multi-dimensional orthogonal decomposition vector control and PWM modulation technique is proposed in [9] , which can be applied with success for electric vehicles over wide speed range. A methodology is proposed to apply MTPA characteristics and calculate the corresponding current references in healthy and degraded mode in [10] . It deals with a control strategies when a seven-phase axial flux permanent magnet machine supplied by a seven-leg voltage source inverter in degraded mode which can avoid high-torque ripples [11] .
In this paper, the torque optimization of a 7-phase biharmonic machine under normal and degraded modes are investigated. The specificities of the machine, which are able to produce torques of comparable values under two cases of supply: with only first or using both the first and third harmonic currents, are demonstrated. Therefore, the impacts of the third harmonic current on torque production, currents and voltages, are presented. Constraints on current and voltage are considered in healthy and faulty modes.
The paper is organized as follows. In section II, the structure and the characteristics of the machine are briefly presented. Section III describes the basic mathematical model, including the voltage, flux and torque characteristics. The issue of the torque optimization in healthy mode is presented in section IV. In section V, performances in degraded mode with one open-circuited phase are studied.
II. SEVEN-PHASE BI-HARMONIC MACHINE DESCRIPTION
The 1/4 structure of the 7-phase bi-harmonic machine is shown in the Fig. 1 . It consists of three rotors, two axial flux rotors and one radial flux rotor [14] . The slotted stator structure is comprised of 7-phase concentrated winding which allows adding the 3rd rotor with PMs radially magnetized in order to reinforce the torque density. Thanks to the extra degrees of freedom the 7-phase bi-harmonic machines, more possibilities for the control of the torque and current supply can be applied [12] .and the bi-harmonic machine has properties that are interesting for machine payload [13] . Moreover, the winding factor for both the fundamental harmonic and the 3rd harmonic are of high values. It makes possible to increase the torque density by an injection of the 3rd harmonic current. And the electrical parameters of the machine is as Table Ⅰ shows: Number of stator slots 28 Fig. 2 gives the back-EMF and its harmonic spectrum. It is noted that the third harmonic component of the back-EMF is even greater than the fundamental one, but both have similar magnitude, which allows developing comparable values of torque using the first and both the first and third harmonic current. The percentage of the third harmonic back-EMF amplitude E3 over the first harmonic E1 is 121.1%.
III. MATHEMATICAL MODEL DESCRIPTION
The basic mathematical model of the 7-phase machine is described in this part, both in natural frame and in d-q frames. With this machine, only the first and the third harmonics of EMFs are considered to produce torque since the other higher harmonics of back-EMF are of small values.
A. Mathmatical model in natural frame
Phase voltage and the stator flux linkage equations in stator frame are shown as follows:
] are the stator phase voltage and current vectors respectively; is the stator resistance; is the inductance matrix of the stator;
] is the permanent magnet flux vector;
= [ ] is the stator flux vector of the machine.
B. Mathematical model in d-q frames
By using transformation matrix which diagonalizes the inductance matrix of the machine, a seven-phase machine can be decoupled into three two-phase fictitious machines and a one-phase machine, each of them corresponds to a series of harmonics [4] . The associated harmonics corresponding to each fictitious machine are shown in the Table Ⅱ. Because the first and third harmonics of back-EMF account for the highest proportions, only the first and third machines are considered to generate torque.
The currents in d-q frames can be obtained as in (3),
; [ ] is the transformation matrix expressed in (8) .
The output torque of 7-phase machine related to the first and the third fictitious machine can be expressed as follows,
The torque of the primary machine :
The torque of the third machine :
] are the estimated fluxes expressed in d-q frames; is the number of pole pairs. Then, the total output torque of the real machine is the sum of the two fictitious machine torques as in (6) .
IV. TORQUE OPTIMIZATION IN HEALTHY MODE

A. Formulation of optimization problem
The torque optimization problem under constraints is formulated as follows:
with = [ , , , ] = With 7-phase machines, two degrees for the control strategy can be added by injecting both the third and the fifth harmonics of current however, as explained in the previous section, only the third harmonic is applied to the considered
machine, the other high harmonics are considered as negligible for the torque production. The objective is to maximize the output torque over the whole speed range, under both voltage and current constraints, where is a variable vector consisting of peak values and phase angles of the first and third harmonic currents; the RMS current density of the machine ( ) should be less than or equal to 5A/mm 2 ; and the is the conductor cross-sectional area; the peak value of phase voltage ( ) should be less than or equal to 48V.
In order to illustrate the specificities of the 7-phase biharmonic machine, the torque optimization problem will be solved by finding the variable vector in two cases. If only fundamental harmonic current is used, we can set = [ , , = 0, = 0]. When both the fundamental and the third harmonic currents are used let x= [ , , , ] .
B. Optimization with only the1 st or the 3 rd current
In this case, only one harmonic of current is injected, i.e. the 1 st or the 3 rd harmonic.. The torque optimization problem is solved by using function, a non-linear programming solver to find the minimum (or maximum) of a constrained non-linear multivariable function in MATLAB. The torque-speed characteristics are obtained and shown in Fig. 3 . It can be shown that the machine can develop comparable values of torque only with the fundamental harmonic (9.6Nm before flux-weakening operation) or only with the third harmonic (11.66Nm before flux-weakening operation), which proves the specificity of this machine. Moreover, the speed range is larger using the 3rd harmonic current, compared to the use of 1st harmonic current. Two operation points are selected to present the machine performance, one at low speed (120rpm) and the other at high speed (590rpm). Fig. 4 shows the optimal current characteristics compared to the back-EMF supplied by only with the fundamental harmonic current (JRMS =5A/mm 2 ); and only with third harmonic current. At low speed, the optimal fundamental current has to be aligned to the fundamental back-EMF in order to have the maximal torque value. Both the 1 st and the 3 rd harmonic of current have the same RMS/amplitude value. Therefore the Joule losses will be the same, but the iron losses with the 3rd harmonic will be higher. At high speed, the flux weakening operation is needed in order to extend the speed range, due to the voltage limit of the converter. In this case, the current reference is not in phase with the back-EMF, as shown in Fig. 4(c) and (d) .
In Fig. 5 , the phase voltages of the machine both at low and high speed are shown. The peak values of phase voltages are 48V, respecting the voltage constraint. At low speed, in order to have a maximal output torque, the current density is the main constraint. At high speed, both the current and the voltage constraints should be respected, as shown in Fig. 5(c) and (d).
C. Optimization with both the fundamental harmonic and
the third harmonic of currents One more degree of freedom of control is applied in this part, i.e. both the fundamental and the third current harmonics are optimized in order to have the maximal torque (15.13Nm before flux-weakening operation). Fig. 6 . In blue the Torque/speed characteritic in healthy mode with the respective contributions of the two ficitious machines Fig. 6 shows the torque-speed characteristics of the machine. The total output torque is composed of the torques of the two fictitious machines (the first and third machines). Compared to the results with only fundamental current, under the same voltage and current constraints, the torque at low speed is improved by 56% and the speed range is also significantly extended from about 700 rpm to 1050 rpm. Fig. 7 shows the optimal current and back-EMF waveforms. The same remarks can be concluded like the case with only the fundamental current, however, with the injection of the third harmonic current, the resultant current and back-EMF have similar waveforms before the flux-weakening region.
From the above analyses, it can be noted that the performance of the considered machine is improved not only at low speed (higher torque) but also at high speed (larger speed range), verifying the advantage of the more degree of control for the 7-phase bi-harmonic machine in healthy operation. 
V. TORQUE OPTIMIZATION IN DEGRADED MODE
A. Current reference generation in degraded mode In a drive system of a multiphase machine, the increase in the number of phases improves the fault-tolerant capability of the system. In this part, the performance of the 7-phase biharmonic machine with one phase open-circuited is investigated.
It is assumed that the phase A is open-circuited. In order to get a smooth torque, the method for generation of current references in [5] [6] is applied in this paper. The new current references ( , , , , , ) can be expressed as follows: 
where and are the peak values of the first and third harmonic currents; ′ and are adjustable phase angles of the first and third harmonic currents; is the rotational position of the machine rotor.
The optimization problem in (7) is also used in this part in order to maximize the output torque, but with the phase A current iA equal to 0. In the following parts, the problem will be solved by using fmincon in cases with only fundamental current and both the fundamental and the third harmonic currents.
B. Optimization only with the fundamental harmonic current
The torque-speed characteristic, generated only by the primary machine (7.804Nm before flux-weakening operation), 
Current (A)
is shown in Fig. 8 . The torque in terms of time can be seen in Fig. 13a . It can be seen that in Fig. 13(a) only the fundamental current is injected, the output torque pulsates because the primary and third machines are no longer decoupled in degraded mode. The maximal value of average torque at low speed is decreased by 18.8%, compared to the one in healthy mode. In order to have the same average torque, the amplitude of the phase currents has to be increased [4] . The maximal operation speed is also slightly decreased from 700 to 650 rpm. The optimal current references at low and high speeds are presented in Fig. 9 . It can be noted that the currents of the remaining healthy phases are no longer regularly distributed in terms of phase angles as shown in Fig. 9 (a) and 9(c) as in healthy mode, the d-axis current is optimized and close to 0 at low speed, and the torque decreases in flux weakening region. Fig. 10 shows the voltages of the machine at low and high speeds. It is noted that the phase voltages are within their limit (48V).
C. Optimization with both the fundamental harmonic current and the third harmonic current Fig. 11 presents the characteristics of the torque and speed using both the fundamental and the third harmonic currents (9.783Nm before flux-weakening operation). Compared to the case with only the fundamental current under the same constraints on the current and voltage, the torque at low speed is increased by 25.6%. However, it is decreased by 34.7% in comparison with healthy mode (Fig. 6 ). The optimal current references at low and high speeds are presented in Fig. 12 . It can be noted that the ratio between the fundamental current and the third harmonic current changes in the flux-weakening region. In addition, the currents in d-q frames are no longer constant, which will lead to the pulsation of the output torque as shown in Fig. 13(b ). Fig. 14 shows the maximal values of the RMS current density and the peak phase voltages for the current references both at low and high speeds. It can be noted that the RMS current density with only fundamental current decreases more quickly than using both harmonics, which proves the advantage of the bi-harmonic machine, especially in flux weakening region.
VI. CONCLUSION
In this study, the specificities of a 7-phase bi-harmonic machine have been studied in both healthy and degraded modes. The characteristics of this machine are investigated through the torque optimization, and the comparisons between the case using only the fundamental current and the one with the additional third harmonic current. It is proved that not only the torque but also the speed range can be improved through the injection of the third harmonic current. It is only the first study of this special machine, the works, further studies such as the losses in the machine and the methods for reducing the pulsation of torque, should be covered in the future. 
